In this paper, a novel boundary reconstruction scheme is developed utilizing the reinitialization scheme of the level set method. The proposed scheme transfers usual digitally defined step-like boundary data to continuously smooth surface data. It is confirmed that the lattice Boltzmann simulation by the interpolated bounce-back boundary condition with the present scheme well reproduces the drag coefficients of a cylinder and a sphere. Then this numerical scheme is applied to simulate flows in porous media which have body-centered-cubic structures. The results indicate that the present scheme improves the shape representation and thus the prediction accuracy with less sensitivity to grid resolutions.
INTRODUCTION
One of the inherently attractive merits of the lattice Boltzmann method (LBM) is simple on/off treatment of solid boundaries. This is particularly true for simulation of flows in porous media where solid boundaries are very complicated. With the usual bounce-back (BB) boundary condition (BC) used in the LBM, we suffer fundamental difficulty to represent curved surfaces on regular cubical grids (box cells). With mathematically prescribed surface data, e.g. cylinder and sphere surfaces, one can apply advanced boundary treatments such as the interpolated-bounce-back (IBB) BC [1] for more accurate boundary representation. However, it is not always possible to mathematically prescribe the solid surface shapes of actual porous media. In the recent applications (e.g. [2] [3] [4] ), computed tomography (CT) scanning has thus been applied to obtain geometrical data of porous media. The data obtained by the CT scanning are digital (discrete) and the boundary shapes are represented by a zigzag manner. If one considers problems in which surface area is crucial like wall heat transfer or wall friction, it is readily understandable that the zigzag representation of a curved surface causes a serious error. It is thus necessary to provide appropriately smooth surface data for curved boundaries.
There are not so many ways to address arbitrary flow boundary surfaces on the regular cubical grids. One of such classical approaches to capture arbitrary boundary between gasliquid phases is the level set method (LSM) [5] , which defines a distance function from the interface. From this level set function, geometric information on the interface, such as the curvature, can be easily recovered. Accordingly, once the boundary surface data are changed to the level set function, the IBB BC may be readily applied. This study thus aims to develop a boundary reconstruction (BRC) scheme which converts digitally defined discrete boundary data to continuous level set functions applying a process similar to the reinitialization of the level set method.
BOUNDARY RECONSTRUCTION
The level set function indicates normal distance from an interface between two phases and its positive and negative values respectively correspond to one phase and another phase. The magnitude of the distance function θ at any location represents the distance from this location to the interface, thus 1 ∇θ = . In order to keep this nature of the level set function, the level set method employs a procedure of reinitialization proposed by Sussman et al. [6] at every time step during the simulation to maintain such a property. This is achieved by solving the following pseudo-temporal equation to a steady state:
with an initial condition ( ) ( )
which is the value of the level set function before the reinitialization. By the above procedure, at every time step, a distance function θ(x) whose zero set remains the same as θ 0 (x) is rebuilt. Such a reinitialization process conserves the shape of the boundary defined implicitly by the zero level set of θ 0 (x). In a numerical procedure, however, the process of Eq. (1) is performed with a modified sign function:
where ε takes a small value. This form has an effect of smoothing the exact sign function and the meaning of ε is a "thickness" of the interface. In other words, the exact location of the interface is addressed at somewhere in the range of −ε ≤ θ ≤ ε . The present BRC scheme utilizes such a nature of the smoothed sign function. Once digitalized boundary surface data are obtained like the grey region of Fig.1 , the reinitialization equation (1) is performed with the smoothed sign function of Eq.(2). (The grey region consists of the lattices which are located inside a circle.) The initial values of the level set function used in this process are 10 − for the nodes in the grey region and 10 for the other nodes. Since the actual surface is located within the distance of h which is the node spacing, from the grey region, h ε = is applied. However, the converged solution of Eq.(1) does not always reproduce sufficiently recovered boundary surfaces (which correspond to 0 θ = ). In fact, although the dotted line in Fig.1 (corresponding to the result of such a process) indicates a lot better shape than the initial boundary shape, it still has some kinks.
In order to remedy those kinked shapes, the additional second relaxation step is applied. Due to the nature of the 2D circle 2D circle distance function, the distribution of the level set function away from an interface tends to be relaxed. (Even if the interface shape is a square, the distribution of the level set function tends to become circular in the region far away from the square.) Thus, the present scheme utilizes this tendency by performing the second reinitialization process after shifting the zero level set position to a certain level. (Note that this may not be the best and one should weight a certain parameter if it is important for one's work.) As shown in Fig.4 , one can reconstruct the circle very accurately if the grid resolution is sufficiently high. In case of a very low grid resolution, although it is expected, one cannot reconstruct the boundary accurately enough.
When the initial boundary shape is square, relaxation of the boundary shape deteriorates the quality of the shape rather than improves it. Fig.5 shows the quality of the geometrical parameters after reconstruction by the same two step process with the recommended shifting level for the circle of the corresponding resolution. Although the overall geometrical quality is not so good as that of the circle, the general tendency is quite similar to that of the circle.
In 3D cases, we also evaluated the geometrical parameters at the central and the quarter sections (sections 1 and 2) of a sphere. Figs.6 and 7 show the overall recommended reference levels for 3D spheres and their accuracy. As one can see, the general tendency is similar to that of the 2D case.
The optimum shifting level varies as the resolution changes and it also depends on the original boundary shape. Unless the resolution is very low, however, the generally acceptable reference level may be concluded that L/D ≈ − 0.1~ − 0.2 from Figs.3~7.
Thus, the present two step BRC scheme is:
Step 1. Obtain digital boundary data.
Step 2. For convex boundary cases, set the initial values of the level set function as 10 for the points outside the boundary and − 10 for the inside the boundary. For concave boundaries, the signs of the values are opposite.
(Generally, the surfaces in porous media consisting of fiber rods or particles are considered to be convex, while those of foamed porous media are considered to be concave.) Step 3. Solve the reinitialization equation (1) with the smoothed sign function: Eq. (2) and h ε = until convergence.
Step 4. Add a shifting value of 0.
to the level set functions at all nodes. (Shift the zero level set position.)
Step 5. Perform the second reinitialization process.
Step 6. Subtract the shifting value from the level set functions at all nodes.
LATTICE BOLTZMANN SIMULATION
In the present study, the lattice Boltzmann method is used for flow simulation by the single relaxation time BhatnagarGross-Krook (BGK) model which may be written as: ( , ) 
where ( , ) r f t α is the density distribution function along the α direction at the lattice site r at time t , e α is the discrete velocity, t δ is the time step and τ is the dimensionless relaxation time. The equilibrium distribution function determined by the fluid density and momentum is: 
where w α is the weight coefficient and S c is the sound speed. Once the density distribution function is known, the density ρ , the velocity u, the pressure p and the kinematic viscosity ν are obtained from the conservation laws and the equation of state: In the present study, the D2Q9 and D3Q19 discrete velocity models, whose parameters [7] are listed in Table 1 , are employed with the following solid-boundary treatments. Fig.8 illustrates the procedures of the IBB boundary condition [1] in a one-dimensional setting. As shown in Fig.8(a) , in the case that the boundary W x is located at the middle between nodes A x and
Interpolated Bounce-Back Boundary Condition
A B x x − = ), the particle at node A x travels and collides with the wall at W x and reverses its momentum (the collision process completes instantly), then travels back to A x . Thus, the incoming distribution function is simply equal to the corresponding outgoing one with the opposite momentum. This is so-called half-way bounce-back (HWBB) condition and accurate in this case. Note that the standard HWBB condition assumes that the boundaries are always at half-way between the nodes. The IBB condition, thus, generalizes the HWBB condition. When q < 1/2 as in Fig.8(b) , the particle at A x should end up at C x after the streaming-collision cycle. Likewise, the particle starting from C x ends up at A x after the streaming-collision cycle. This is accomplished by interpolating the distribution function for C x before the streaming-collision process with the wall takes place. Similarly, when q > 1/2, the incoming distribution function can be obtained by using the outgoing one located at C x after the streaming-collision interaction with the wall takes place and the distribution function values at nearby nodes D x and E x as in Fig. 8(c) . Thus, following Pan et al. [1] , the linear IBB formulae for 1 ( , )
may be written as
f x t qf x t q f x t f x t f x t q q q
where f and f respectively denote the post-and pre-collision states of the distribution function. The subscripts L and R indicate left-and right-bound directions, respectively.
After the present BRC procedure, since the boundary positions are presented by the level set functions as shown in Fig.9 , the above IBB BC can be easily performed with
APPLICATION RESULTS AND DISCUSSIONS
In order to verify the present scheme in the fundamental flow fields, flows around a cylinder and a sphere are simulated. , respectively. Periodic boundary conditions are imposed at 10D ± in the y direction. Fig.10 compares the distribution of the drag coefficients, C D , against Reynolds number, Re, by several different boundary treatments. Obviously, as shown in Fig.10(a) , the IBB BC with the present BRC scheme reproduces a closer profile to that of the IBB BC with a mathematically prescribed boundary shape. In the case of the finer lattice resolution, D/h=10, however, all profiles reasonably tend to converge to one another as in Fig.10(b) . 
D/h=10
mathematically prescribed boundary shape, the predicted profiles are somehow closer to the experiments.
Through the above discussions, it is confirmed that the present BRC scheme provides certain advantages for the LBM flow simulation with the IBB BC, particularly, in low lattice resolution cases to present curved boundaries.
For a practical demonstration of the present scheme, flows in foamed porous media are considered. Fig.12(a) shows foamed porous ceramic blocks which have open-cell foam structure. Due to the foaming process, the bubbles of the foam attain an equilibrium state where the surface energy is minimum. In the present study, as in [8] , the body-centeredcubic (BCC) structure is chosen to represent the foamed porous media since it is simple and has a minimum surface-area to volume ratio. Fig.12(b) shows the foam by the BCC structure.
For foam geometry creation, the shapes of the pores are assumed to be spherical and spheres of equal volume are located at the vertices and the center of the unit cell. The periodic foam geometry is then obtained by subtracting the unit cell cube from the spheres. (For open-cell structures, the sphere radius should be larger than the half the side of the cube.) Fig.13(b) shows the digitally expressed (step-like) initial boundary surfaces of the unit cell of the BCC structure whose mathematically prescribed shape is shown in Fig.13(a) . Its grid resolution is 25 25 25 × × . When the BB BC or the HWBB BC is used, the simulation assumes such boundary shapes. The present BRC scheme converts this boundary shapes to the well recovered shapes shown in Fig.13(c) by setting the shifting level inside the sphere: L/D=0.2. (Note that unlike the test case of the sphere flows, the sphere center is inside the flow region in this case.) The porosity ε also recovers to 0.946 from 0.926 whose designed value is 0.944.
The predicted normalized permeability Fig.14, where K is the permeability and d is the microscopic characteristic length of Du Plessis et al. [9] . In a theoretical condition, it is obtained with the pore diameter
In Fig. 14, all the simulated results are obtained by the resolution of 50 50 50 × × . (Although the improvement is less obvious in this finer resolution, the BRC scheme does recover the boundary shapes well.) The simulated Reynolds number based on p d ranges 2 12 − . In this range, the permeability varies a little and the shown permeability is obtained by averaging the simulation results at the same porosity as did in [8] . It is clear that small discrepancies between the simulation results can be seen though all the results are well in the error range of the experimental results by Bhattacharya et al. [10] .
(The superiority of the present BRC scheme cannot be confirmed by this comparison unfortunately since many other factors than the boundary shapes may also influence the prediction of the permeability.)
CONCLUSIONS
The concluding remarks of the present study are: (1) For the lattice Boltzmann simulation, a boundary reconstruction scheme which transfers usual digitally defined step-like boundary data to continuously smooth surface data is developed.
(2) The presently developed boundary reconstruction scheme utilizes the reinitialization process of the level set method and the nature of the level set function as a distance function to determine the reconstructed boundary locations. (3) The present boundary reconstruction scheme well recovers the shape and the porosity of the porous media which have body-centered-cubic structures. (4) The lattice Boltzmann simulation by the interpolated bounce-back boundary condition with the present boundary reconstruction scheme well reproduces the drag coefficients of a cylinder and a sphere even with coarse resolutions. Its results of the porous media flows are also well in the distribution of the experimental results.
